Czechoslovak Mathematical Journal

Yiicel Tiras; Abdullah Harmanci
On prime submodules and primary decomposition

Czechoslovak Mathematical Journal, Vol. 50 (2000), No. 1, 83-90

Persistent URL: http://dml.cz/dmlcz/127551

Terms of use:

© Institute of Mathematics AS CR, 2000

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127551
http://dml.cz

Czechoslovak Mathematical Journal, 50 (125) (2000), 83—-90

ON PRIME SUBMODULES AND PRIMARY DECOMPOSITION

YUCEL TIRAS and ABDULLAH HARMANCI, Ankara

(Received April 1, 1997)

Abstract. We characterize prime submodules of R x R for a principal ideal domain R
and investigate the primary decomposition of any submodule into primary submodules of
R x R.
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1. INTRODUCTION

Throughout this note all rings are commutative with identity and all modules are
unital. Let R be a ring and M an R-module. A submodule K of M is called prime
if K # M and given r € R, m € M then rm € K implies m € K or rM C K.

Definition 1.1. Let M be a module and K a submodule of M. Let n be a
non-negative integer. We say that K has height n if there exists a chain

K=Ky>KyD>...O0K,

of prime submodules K; (0 < ¢ < n) of M, but no such chain that is longer. Other-
wise, we say that K has infinite height.

For any submodule K of an R-module M let
(K:M)={reR: TM CK}.

Clearly (K : M) is an ideal of R. The following lemma is wellknown (see, for example,
[2, Theorem 1] ).
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Lemma 1.2. Let R be a commutative ring and let M be an R-module. Then a
submodule K of M is prime if and only if P = (K : M) is a prime ideal of R and
M/K is a torsion-free (R/P)-module.

Matsumura proved in [8] that all prime ideals of the ring Ry x Ry X ... x R,,, where
R;isaring for all i =1,...,n, are of the form Ry X... R;j_1 X P, X Ri41 X ... X Ry,
where P; is a prime ideal of R;. The natural question about prime submodules of
Ry x Ry X ...x R, is still open. Some of the prime submodules of R(™ where R is a
PID were studied in [5]. Now we begin our investigation leading to a characterization
of the prime submodules of R x R by giving some necessary definitions and useful
lemmas.

From now on, we employ R to denote a principal ideal domain (PID) and M to
denote R x R.

For any prime element p in R, it is easy to see that R x pR, pR x R, {0} x R
and R x {0} are all prime submodules of M. Also we can see that for unequal prime
elements p and ¢, pR X ¢R is not a prime submodule of M. (Take R = 7, the set of
integers, M = 7 x Z,p = 2 and g = 3.) Also we note that, for any prime element p,
R x pR and pR X R are maximal submodules of M.

Now let us consider the set N = {(x,2): z € R}. It is easy to see that N is a
prime submodule of M. The remaining classes of prime submodules of M are given
in the next section.

2. THE PRIME SUBMODULES

Lemma 2.1. Let a and b be non-zero elements in R. Let N = (a,b)R. Then N is
a prime submodule of M if and only if the elements a and b are coprime.

Proof. Let N = (a,b)R be a prime submodule of M. Suppose the greatest
common divisor (g.c.d.) of a and b is d which is not equal to 1. Then there exist
coprime numbers a; and b; in R such that a = da; and b = db;. Then (a,b) =
d(a1,b1) € N. Since N is prime, (a1,b1) € N or dM C N . Suppose that dM C N.
From this we get d(1,0) € N and d(0,1) € N. But if d(1,0) € N we get b = 0 and if
d(0,1) € N we get a = 0, a contradiction. Thus dM € N. Then (ai,b1) € N. This
gives us N = (a1, b1)R. Conversely, let the g.c.d. of a and b be 1. Then we wish to
prove that N is a prime submodule of M. Let r € R and (m,n) € M be a such that
r(m,n) € N. Then there exists € R such that rm = ax and rn = bz. From this we
get m = ab’ and n = bb’ for some b’ € R. This completes the proof. O

The following lemma is wellknown. We give the proof for the sake of completeness.
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Lemma 2.2. Let N = (a,b)R be a prime submodule of M. Then N is a direct
summand of M.

Proof. Assume that N = (a,b)R is a prime submodule of M. Since {0} x R
and R x {0} are prime submodules and direct summands of M we may assume that
a and b are non-zero elements in R. By Lemma 2.1 there exist ¢,d in R such that
ad +bc = 1. Let K = (—¢,d)R. Then we have M = N + K. It is easy to see that
N N K = (0). This completes the proof. O

Proposition 2.3. Let N be a prime submodule of M which is distinct from
R x {0} and {0} x R. Then

(i) if (1,0) € N then N = R X pR for some prime element p in R,
(ii) if (0,1) € N then N = pR X R for some prime element p in R.

Proof. (i) Let (a,b) € N. Suppose the g.c.d. of @ and b is d. Then there exist
ay and by in R such that (a,b) = d(a1,b1) € N. Since N is a prime submodule of M,
either (a1,b1) € N or dM C N. Suppose that (ai,b1) € N. From the hypothesis we
get (0,b1) € N. This implies that by M C N, otherwise N = M. There exists a prime
element p in R such that pM C N. Therefore we get N = R x pR. Now we suppose
that dM C N. For some prime element p in R we get pM C N. This completes the
proof of part (i).

(ii) This can be proved using the same argument as in (i). O

Proposition 2.4. Let p be a prime element in R. Then pM is a prime submodule
of M of height 1.

Proof. Since (pM : M) = p, pM is a prime submodule of M by Lemma 1.2 or
by the remark just before Lemma 3 in [6]. Suppose there exists a prime submodule
N in M such that pM > N D 0. Let (m,n) € N. Then m = px and n = py for some
2z and y in R. Since N is prime, either (x,y) € N or pM C N. Suppose (z,y) € N.
Then for each r € Z* (where Z T is the set of positive integers), p" divides m, which
is a contradiction. So we get the desired result. O

The following proposition and Proposition 2.4 characterize all prime submodules

of M of height 1.

Proposition 2.5. Let N be a prime submodule of M of height 1. Then
(i) if N has an element (a,b) such that the g.c.d. of a and b is 1 then N = (a,b)R,
(ii) if there are no pairs in N whose g.c.d. is 1 then there is a prime element p in R
such that N = pM.

Proof. (i) This is easy by Lemma 2.1.
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(ii) Suppose that for all (a,b) in N the g.c.d. of a and b is distinct from 1. Let
(a,b) € N be such that the g.c.d. of a and b is d. Then we get dM C N. So the result
follows from Proposition 2.4. O

The prime elements in R characterize, under some conditions, some of the prime

submodules in M.

Proposition 2.6. Let p be a prime element in R. Let a,b € R be such that the
pairs a, b and a, p and b, p are coprime. Then

(i) K ={(¢,d) € M: p divides ad — bc} is a prime submodule of M,
(ii) the set {(c,d) € M: ad = be} is a prime submodule of M.

Proof. (i) It is clear that K is a proper submodule of M. Take (u,v) € M and
r € R such that r(u,v) € K and (u,v) ¢ K. The prime element p divides rav — rbu
but does not divide av — bu. This completes the proof.

(ii) This follows from [5, Lemma 4]. O

To find a new prime submodule of M, we assume that N is a submodule of M
which is distinct from pR x R and R X pR for some prime element p in R.

Theorem 2.7. Let the situation be as above. Suppose that N is a submodule of
M and (a,b) € N with the g.c.d. of a and b being 1. Also assume that pM C N for
some prime element p in R. Then N is a prime submodule of M if and only if
N ={(c¢,d) € M: p divides ad — bc} .

Proof. Note that if p divides a then (a,0) € N. Hence b(0,1) € N. Since the
g.c.d. of a and bis 1, p does not divide b and so bM ¢ N. Hence by Proposition 2.3 (ii),
N = pR x R. This contradicts our hypothesis. Therefore p does not divide a. We may
assume that the pairs a,p and b, p are coprime. Then there exist a1, by, as, b2, p1, P2
in R such that

(%) aay +pp1 =1, bby+pp2 =1 and aas+bbs=1...

Set K = {(c,d) € M: p divides ad — bc} .

Let (¢,d) € N. Assume that p does not divide ad — be. Since (a,b), (¢,d) € N, we
get (ad — be,0) € N. By assumption we have (ad — be)M C N. But this leads to a
contradiction. Hence p divides ad — bc and so (¢,d) € K. Conversely, let (c,d) € K.
Then there exists ¢t € R such that ad — bc = pt. From (%) we have (¢,d) = (bbic +
pp2¢, aard + pp1d). Since pM C N, to see that (¢,d) € N it is enough to show that
(bbic,aard) € N. Since ad — be = pt, we have (bbic, aard) = (adby + ptby, aaid).
Hence it will be enough to show that (adb;, ada;) € N. But since (a,b) € N, we
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have (aay,ba;) € N. From (x) we get (1,ba;) € N and then (bby,ba;) € N. Since N
is prime we conclude that bM C N or (b1,a1) € N. This completes the proof since
the sufficiency is clear from Proposition 2.6. O

We note that any submodule of M can be generated by 2-elements. Now we
investigate such modules. Let N = (a,b)R + (¢,d)R be a proper submodule of M
where a, b, ¢, d are elements in R. We define A = ad — bc, and we may assume that
AM C N. The following proposition characterizes some of the prime submodules
of M.

Proposition 2.8. Let N and A be as above. If A is a prime element in R then
N is a prime submodule of M.

Proof. Let K = {(z,y) € M: A divides ay — bz and cy — dx} . Then it is easy
to see that N C K. Let (x,y) € K. Then ay — bx = At and cy — do = At; for some
t,t; in R. Thus we get * = —aty + ct, y = dt — bt and then (x,y) € N. It follows
that N = K. Hence, since K is prime, we see that N is a prime submodule of M. [

Let N and A be as in Proposition 2.8. Also suppose that N is prime and A =
P1 ... pn (all distincts primes). Then there is only one prime p; (1 <4 < n) such that
p;M C N. In view of this fact we obtain the following

Proposition 2.9. Let N and A be as in Proposition 2.8. Assume that, for some
prime element p, pM C N and A = pq where p and q are coprime. Then N is prime
if and only if

N = {(z,y): p divides ay — bx and cy — dx} .

Proof. Let K = {(z,y) € M: p divides ay — bz and ay — dx} . Suppose that
N is prime. Then it is clear that N C K. For the converse, let (x,y) € K. Then for
some t,t; € R we have

ay — bxr = pt and cy — dx = ptq.

Then we get qx = tc — at; and qy = dt — bt;. Hence (qz, qy) € N. Since N is prime
we get (z,y) € N. Therefore we have N = K. This completes the proof since the
necessity is clear. O

Now we conclude this section by the following proposition.

Proposition 2.10. Let N be a prime submodule of M distinct from both R x {0}
and {0} x R. Suppose that (a,b) and (c,d) € N are such that the g.c.d. of the pairs
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a, b and ¢, d is 1. Then N is either in the form pR X R, R X pR for some prime
element p in R or it is one of the prime submodules mentioned in Theorem 2.7.

Proof. We divide the proof into two parts. First suppose that a # ¢ but b = d.
Then (a — ¢,0) € N. Then either (a —c¢)M C N or (1,0) € N. If (1,0) € N then,
by Proposotion 2.3 (i), N = R x pR. Otherwise there exists a prime element p in
R such that N = {(¢,d) € M: p divides ad — bc } by Theorem 2.7. Secondly, a # ¢
but b # d. Then (0,ad — bc) € N. Then either (ad — bc)M C N or (0,1) € N. Now
the result follows from Proclaim 2.3 (ii) or Theorem 2.7. O

3. PRIMARY DECOMPOSITION

In this section we investigate the primary decomposition of the submodules of M
where we still take R as a principal ideal domain and M as R x R. First we give the
definition of the primary submodule. Let N be a proper submodule of M. Then we
say that N is a primary submodule of M if r € R, m € M, rm € N implies m € N
or 7* M C N for some positive integer k. If N is a primary submodule of M then the
radical of the ideal (N : M) is a prime ideal of R. If the radical of (N : M) which is
denoted by v N : M is equal to P then N is called a P-primary submodule of M.

Definition 3.1. Let N be a proper submodule of M. A primary decomposition of
N in M is an expression for NV as an intersection of finitely many primary submodules
of M. Such a primary decomposition N = @1 NQ2N...NQ, with Q; P;-primary in
M (1 <i<n)of Nin M is said to be minimal precisely when

(i) P1,..., P, are n different prime ideals of R; and
(ii) for all j =1,...,n, we have

Q2@
i=1
J#i
Remark 3.2. Let N be a proper submodule of M. Then by [9, 9.27 and 9.31] N
has a minimal primary decomposition in M. Let N = Q1 N Q2N ... N Q, with Q;
P;-primary in M (1 < i < n) be a minimal primary decomposition of N in M. Then
by [9, 9.31], for a prime ideal P of R we have

Pe{P,...,P,} < P € Assp(M/N).

Lemma 3.3. Let p be a prime element in R. Then p"M (where r is positive
integer) is a primary submodule of M.
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Now we can give the primary decomposition of the submodules of M in the form
(a,b)R where the g.c.d. of a and b is distinct from 1.

Proposition 3.4. Let N be a cyclic submodule of M whose g.c.d. of the genera-
tors is different from 1. Then

N={@'M)N (py>M)N...N0(p5> M) N Ny

where p1,...,ps are distinct prime elements in R and Nj is a prime submodule of
M containing N.

Proof. Let N = (a,b)R and suppose that the g.c.d. of a and b is d and that the
distinct prime factors of d are p1,...,ps. Then d = pi*...pls. Now we claim that the
primary decomposition of N is (p* M)N...N(pL*M)N((a1,b1)R) where a = dajand
b=db. Let (z,y) € (pi*M)N...N(ph=M) N ((a1,b1)R). Then

T =pitur = plus = ...=prus = aity,

y = p71"1v1 = p;zvg =...= pZSvS =bity
where uy,ug, ..., us,v1,...,0s are all in R. Hence we get (z,y) € (a,b)R = N. This
completes the proof since the reverse inclusion is clear. O

Corollary 3.5. Let N be as in Proposition 3.4. Then
Assp(M/N)={0,P1,...,P,}
where P; denotes the prime ideal which is generated by the prime element p; in R

foralli=1,...,n.

Proof. Thisfollows from Proposition 3.4, [9, (9.33)(ii)] and v/(a1,b1)R : M = 0.
O

Now we take N with two generators. To get the primary decomposition of N we

give the following lemma.

Lemma 3.6. Let N = (a,b)R + (¢,d)R, a,b,c,d € R, be a proper submodule of
M. Let A = ad — bc be a non-zero element in R. Then for any factor p" of A with
rel",

Q ={(x,y): p" divides ay — bz and cy — dzx} .

is a primary submodule of M.

Now we are ready to give the main theorem of this section.
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Theorem 3.7 (Primary Decomposition). Let the situation be as in Lemma

3.6. If A = pi*...p;* where p1,...,p; are distinct prime elements in R and

r1,...,7¢ € ZF then N has a primary decomposition

where K; = {(z,y): p;* divides ay — bx and cy — dz} for all i (1 <1i < t).

Proof. Set K =nN!_;K;. Then N C K is clear.

Let (z,y) € K. Then there exist t;,s; € R such that ay —bx = p;‘t; and cy —dz =

p;'s; for each 4, 1 < ¢ < t. Then for some ¢,s € R we get
ay — br = At and cy —dr = As

Now the result follows from Proposition 2.9.

Corollary 3.8. Let N be as in Theorem 3.7. Then Assgr(M/N) = {P,..

O

'aPt}

where P; denotes the prime ideal which is generated by the prime element p; in R

foralli=1,...,n.

Proof. This follows from [9, (9.33) (ii)].
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